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I. INTRODUCTION
Confined reacting flows are often susceptible to an unwanted coupling between the flow dynamics and the heat release that can give rise to significant pressure oscillations. While the acoustic modes of the enclosing volume nearly always play a role in these oscillations, the problem is most interesting because the sources of coupling can involve multiple additional fluid dynamic phenomena. In the simplest and best understood interaction, a feedback path becomes established whereby a pressure variation leads directly to a change in the heat release. In such cases, amplification results when this heat release is in phase with the pressure as first explained by Lord Rayleigh. 1 The resulting oscillations are closely tied to the acoustic modes of the chamber. Representative examples of this type
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Phys. Fluids 27, 045102 (2015) of instability include flow in Rijke tubes, 2 liquid rocket engines, 3, 4 gas-turbines, 5, 6 ramjets, 7, 8 and scramjets. 9, 10 Varying levels of instabilities can arise and are almost always unwanted because of the increased vibrations, increased local heat transfer, flashback, and the uncontrolled overpressures that can result.
Pressure and velocity oscillations are, however, not limited to reacting flows. Purely hydrodynamic oscillations can also occur in non-reacting flows when acoustic modes resonantly lock on to vortex generation mechanisms in shear layers. Unstable interactions between a shear flow and a solid boundary have been reported by Rockwell, for flow over a cavity, 11 and by Ho and Nossier, for a free jet impinging on a plate. 12 Schmitt et al. have also observed interaction between non-reacting flow and acoustics when external forcing is used to excite the flow from a jet to examine the mixing enhancement that can occur under acoustic excitation. 13 Such hydrodynamic instabilities arising when pressure pulses reflecting from the downstream end of the flow domain lock on to an upstream vortex generation mechanism are often amplified in reacting flows. In such "vortex-driven" combustion instabilities, the mixing variations produced by large-scale fluid dynamic motions can result in periodic heat release as first suggested by Rogers and Marble who considered screech instabilities in afterburners. 14 Smith and Zukoski similarly observed self-excited vortex-driven combustion instability in an open-ended combustor with a back step used as a flame holder simulating a ramjet combustor. 15 The instabilities were attributed to the impact of vortices from the back step impinging on the wall leading to periodically enhanced heat release. Yu et al. considered multiple dump combustor geometries in which the downstream end was terminated by an unchoked contraction. They attributed the observed convective instabilities to a coupling between pressure waves arising from vortex impingement off the contraction and the vortex shedding mechanism. 16 Poinsot et al. tested a dump combustor which was open to the atmosphere. 17 Both vortex-driven modes and purely acoustic modes were observed, depending upon experimental conditions. Schadow et al. tested a variety of reacting and non-reacting configurations, culminated by the acoustic response of a non-premixed diffusion flame anchored by a back step downstream of a supersonic converging-diverging inlet. Their results showed a clear correlation between jet hydrodynamic modes and the most intense combustion oscillations. The oscillations also induced periodic fluctuations in the shock system in the upstream C-D inlet. 18, 19 In all these vortex-driven instabilities, the unstable frequencies are dependent upon a combination of the vortex convection time and the acoustic propagation time and so do not directly correspond to acoustic modes of the geometry.
A similar type of fluid-mechanic/acoustic oscillation can arise in confined chambers terminated by a nozzle. Entropy fluctuations produced by variations in heat addition can induce pressure fluctuations as the entropy wave passes through the nozzle. The intensity of the pressure perturbations increases with convective velocity, becoming a maximum when the nozzle is choked as first noted by Marble and Candel. 20 Goh and Morgans used an analytical model to study the impact of entropy waves on instability in combustors 21 while RANS-based computations by Zhu et al., 22 Yao et al., 23 and Hochgreb et al. 24 have likewise indicated that entropy fluctuations can impact instability in laboratory combustors. Most recently, Motheau et al. have demonstrated bulk-mode, entropy-acoustic coupling in large eddy simulations (LESs) of a gas turbine combustor with a choked downstream exit. 25 Again, the acoustics of the chamber are important, but the period is determined by a combination of entropy convection times and acoustic propagation times.
Other fluid dynamic interactions such as baroclinic vortex generation and local variations in flame geometrical characteristics can also be a factor in self-excited instabilities. Garby et al. 26 noted the importance of local variations in the flame characteristics and the presence of a triple flame phenomena. In addition to Garby's findings, baroclinic vortex generation and cyclic heat release can be fundamental aspects of the flow. Transverse density gradients produced by heat release can interact with longitudinal pressure gradients produced by acoustics to give rise to vortices that impact mixing and unsteady heat release, in turn leading to pressure amplification when conditions are right. In addition to these experimental configurations that produce self-excited oscillations, another series of experiments address self-excited instabilities by using external forcing to deduce the combustion response. Among these are the works of Schuller et al. 27 and Ducruix et al. 28 In summary, self-excited instabilities commonly involve a wide range of fluid dynamic interactions resulting from a lock-on of periodic pressure (or velocity) perturbations with classical fluid mechanic phenomena. The present paper complements earlier work on self-excited instabilities by extending the geometrical parameters to a different regime as noted in Table I . Like the previous experiments of Smith and Zukoski, Yu et al., Schadow et al., and Poinsot et al., the present work deals with an inlet/combustor configuration, but the length ratio is inverted. In the works of Yu et al. and Poinsot et al., the combustor to inlet duct length ratio was small enabling the heat release zone to be treated as a compact region. The combustor/duct length ratio in Smith and Zukoski was larger (0.5), but the actual combustion occurred in the shadow of the backward facing step and could again be approximated as a compact region. The combustor lengths in the experiments of Schadow et al. were also shorter than the inlet duct, although the compact heat release approximation was probably not appropriate. By contrast, the combustor length in the present experimental configuration is longer than the inlet duct so that distributed heat release must be considered. In addition, the present experiment uses choked flow at both ends of the test configuration so that the upstream and downstream boundary conditions are more well-defined. Thus, the feedback between the combustion and fluid mechanics is fully described by the physics inside the combustor. The different geometrical emphases stem from application considerations. The earlier works were stimulated by issues in ramjet combustors and augmentors, whereas the present is stimulated by an interest in rocket combustors. It is noted that gas turbine combustors provide yet a third generic geometrical configuration. A unique aspect of the current work is that the inlet duct length is varied to correspond to quarter-, 3/8-, and half-wave resonators, which serve to vary the phasing between the acoustics in the duct and combustor. This duct length variation leads to the triggering of self-excited modes of different limit cycle amplitudes ranging from stable to unstable behavior. The impacts of this key geometrical parameter on the fluid dynamics and combustion phenomena help to provide a better physical understanding of the underlying physics driving the unstable behavior. Modeling these effects is the key focus of this study.
A substantial amount of work to model the coupling between flow dynamics and combustion has been done at a variety of fidelity levels. A low fidelity approach to revealing mechanisms that relate the combustion and fluid mechanics is so-called wave equation theory. In wave equation theory, the governing equations are expanded in terms of a small parameter or parameters and cast in the form of a wave equation that has a large number of source terms which can be grouped according to the order of the expansion. 4 Different source terms can then be interpreted as different contributing mechanisms. If only the first order linear terms are retained, for example, only mechanisms controlling the initial growth rate are included. Energy exchange between modes leading to limit cycle behavior cannot be predicted unless the mechanisms contained in the second order (at least) non-linear terms are included and so on.
A limitation of wave equation-based theory is the difficulty in modeling the burning rate. The same may be said for many of the other ways; combustion instability has been modeled by means of various simplifications and/or approximations of the governing equations. 3, 4 A common approach is to model the burning rate as a transfer function or "combustion response," in which fluctuations in the burning rate are assumed to be functions of fluctuations in other quantities. In the sensitive time lag theory, 3, 29 for example, fluctuations in burning rate are assumed to be proportional to fluctuations in pressure with a time delay. The problem with such simple assumptions is that they fail to capture the true complexity of the burning rate. More generally, if all the driving and 045102-4
Phys. Fluids 27, 045102 (2015) damping mechanisms cannot be predicted with sufficient accuracy, it will not be possible to accurately predict whether acoustic wave amplification will occur, i.e., the onset (or not) of combustion instabilities. An emerging approach which may capture the salient mechanisms with sufficient accuracy is LESs. Work by Boudier et al., Staffelbach et al., and Motheau et al. has used LES to model combustion instability; their work has focused primarily on applications related to premixed gas turbines where a dynamically thickened flame turbulent closure is used. 25, 30, 31 The same approach has also been applied to non-premixed conditions. 26, 32 In the case of gas turbine simulations, the instability level is typically much smaller than the instability level observed in rocket applications. Menon and co-workers have also applied LES to study combustion instability. Their work has primarily used the linear eddy model (LEM) for the combustion closure and has not been wall resolved. [33] [34] [35] In this paper, a hybrid RANS/LES approach is used to simulate a model rocket combustor and the stability behavior that is observed experimentally. The hybrid RANS/LES approach allows for the resolution of the wall region while also capturing the unsteady large scale structures. Specifically, three geometric cases that show different behaviors (pressure, oscillation, and amplitude) are interrogated to help identify the dominant behaviors present. The computational results are compared with the experiment and are systematically analyzed to elucidate the complex interactions between the pressure waves and combustion phenomena. The results suggest baroclinic vorticity is an important driver in some instances helping to generate premixed regions susceptible to rapid combustion. This rapid depletion in fuel leads to a fuel cutoff event which sets up a cyclic pattern of burning. When the cyclic pattern of burning is in sync with the acoustics, unstable wave growth leading to a limit cycle is observed. The relative timings of waves arriving at the dump plane from the inlet tube and from the chamber determine how the relevant physics interact and ultimately whether or not the configuration is stable or unstable.
The remainder of this paper is organized as follows. In Sec. II, following an experimental and modeling overview of the study configuration and the model used in the present paper, a comparison of the simulations and experimental results is described. Results from the simulations are then analyzed in Sec. III to identify instability mechanisms, and a cycle analysis is presented in Sec. IV. A summary of the results and concluding remarks are given in Sec. V.
II. COMPARISON OF COMPUTATIONS AND EXPERIMENTS

A. Experimental review
The data simulated here were produced in a single element laboratory combustor specifically designed to study longitudinal combustion instabilities (direction of the wave propagation is aligned with the injector axis). The single element injector is of the ox-centered coaxial type, where warm oxidizing gas (decomposed hydrogen peroxide) is introduced via a central oxidizer post (ox-post), and fuel is introduced through a co-annular region at the downstream end of the central post. Longitudinal instabilities can be spontaneously produced or suppressed by changing the length of ox-post and the length of the combustion chamber.
The experiment is one of a series of spontaneously unstable model combustors originated by Miller et al. 36 who studied the effects of different lengths of the combustion chamber by adding or removing sections. Different lengths were found to produce different amplitudes of longitudinal instability as well as different dominant modes. Following this work, Sisco 37 explored the effects of the length of the ox-post and its inlet type (sonic or sub-sonic entry). The basic idea of these studies lay in the observation that unstable modes can result when the post and the chamber are tuned to excite resonant modes. In other words, for the sonic-inlet post, designing the post and chamber to both behave as half-wave resonators would potentially lead to the constructive amplification of disturbances. Likewise, de-tuning the post and chamber configurations would cause the waves to cancel each other, potentially leading to stable operation. Sisco's experiments demonstrated these trends by observing stable and unstable behaviors as a function of the post length, although the half-wave post and chamber combination did not necessarily lead to the maximum instability amplitudes. Moreover, Sisco 37 also investigated the influence of the back-step height on the instability amplitudes, which suggested that, in addition to the acoustics, hydrodynamics also play an important role. Yu et al. 37, 38 redesigned the experiment with computational fluid dynamics (CFD) validation in mind. The inlet was modified to admit oxidizer through a series of choked, circumferential slots to reduce upstream influences and simplify CFD mesh generation. The liquid fuel of earlier experiments was changed to gaseous methane to eliminate uncertainties associated with modeling atomization and two-phase combustion. Finally, an electromechanically actuated inlet was designed to continuously vary the ox-post length during a firing, and the rig was renamed as Continuously Variable Resonance Combustor (CVRC). The ox-post length at transition (stable-to-unstable and unstable-to-stable) could be determined more precisely, and both stable and unstable behaviors could be observed in a single firing. Feldman 39 added optical access to the CVRC for spatiotemporal observation of the combustion field. High-speed imagery of the CH* radical showed clear changes in the unsteady combustion field as pressure oscillation amplitude changed.
The CVRC experimental configurations simulated in this paper are those studied by Yu et al. 37, 38 as imaged by Feldman. 39 A summary of the operating conditions is shown in Table II . The corresponding mean chamber pressure is nominally 1.3 MPa. A diagram of the experiment is shown in Figure 1 . The oxidizer, initially 90% hydrogen peroxide, was fed into the gas generator where it was catalyzed. The oxidizer then entered the manifold as decomposed hydrogen peroxide through four concentric choked slots. The choked condition in the injector isolates the manifold from the oxidizer post and combustor. The length of the oxidizer post was varied from 19.1 cm to 8.9 cm, with an accuracy of approximately ±0.3 cm. The gaseous methane was injected through an annular slot just upstream of the back step. The combustor is 38.1 cm long and a choked converging diverging nozzle is affixed to the end of the combustor. The choked boundaries upstream eliminate the influence from the manifold and the choked nozzle downstream is purely transmitting, removing   FIG. 1 . Diagram of the CVRC experiment. Oxidizer enters from the choke slots (detail A) and fuel enters just upstream of the back step (detail B). A choked nozzle is affixed to the end of the combustor (detail C).
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B. Modeling review
Smith et al. 40 modeled the experiments of Sisco. 37 One important trend that Smith was able to reproduce was the effect of back step height on instability. The experiment and simulation were done to test the theory that instability was controlled by a synchronized mechanism comprising vortex shedding, vortex impingement on the combustor wall, and reinforcement of an upstreamrunning compression wave by the sudden increase of heat that occurred when the vortex hits the wall. Simulations showed that vortex impingement occurred closer to the back step for the small step height and promoted instability at higher frequencies. For a larger step height, the impingement occurred further downstream and the vortex partially decayed before impingement. The timing of this event was not well correlated with the acoustic mode. Smith et al. 41 ,42 also performed companion simulations of the CVRC in two-dimensions showing that some general trends could be captured but the harmonic nature of the higher modes was not realized. Higher modes tended to be broad and not well defined unlike the experimental results, which had distinct peaks. Simulations also predicted unstable behavior for all oxidizer post lengths, while experiments showed stable combustion for the extremely short and long lengths. Three-dimensional simulations of these data by Harvazinski et al. 43, 44 for the unstable configurations showed that the simulations were able to produce larger amplitude pressure oscillations compared to the axisymmetric simulations and capture the higher order harmonics showing strong, well-defined peaks similar to the experiment. Feldman et al. 45 modeled experiments in three dimensions and provided a detailed comparison of the unstable experiment and the simulation. Although the simulation predicted overall lower levels of instability, many features were well captured by the simulation including the steepened wave fronts, rate of pressure rise, and mode shape.
The subject experiments were conducted in an uncooled, heat-sink chamber using short run times to prevent wall damage. Anecdotal evidence suggested that the instabilities tended to become stronger as the heat loss to the walls decreased. Computations with and without heat flux by both Smith 41 and Garby et al. 46 are in qualitative agreement with this observation. Smith, 41 using a heat loss of approximately 12%, found a small reduction in the instability amplitude, while Garby et al., 46 using heat losses of nearly 40%, found that heat loss damped the instability while an adiabatic wall computation was unstable. Smith's heat loss assumptions were chosen upon the basis of heat loss measurements in a generically similar experiment by Pal et al., 47 whereas Garby et al. 46 estimated the heat losses by the difference between the theoretical and measured chamber pressures in the present experiment. Accordingly, heat loss represents a potentially important parameter because of its ability to change the combustor temperature and thus the dominate frequency. Garby et al. 26 also used the present experiment with a post length of 12.0 cm to assess the predictive capability of two-dimensional simulations and found similar results to those of Harvazinski et al., 44 namely, that two-dimensional simulations were predictive of some phenomena but lacked the ability to capture the amplitude of the instability. The existence of a triple flame structure in the combustor was also suggested as a key element in the instability mechanism. It is noted that these previously reported simulations of the CVRC device have considered only the middle of the highly unstable region.
Srinivasan et al. 35 modeled the CVRC at three distinct oxidizer post lengths, 9.0 cm, 12.0 cm, and 14.0 cm. The LESs were three-dimensional and used the LEM sub-grid closure for turbulent chemistry interaction. A two-step global reaction was used to model the kinetics. They found that frequencies were over predicted by approximately 15%. Amplitudes for stable condition (short oxidizer post length) were higher than the experiment, over predicted by a factor of 4. Simulations of the two unstable lengths underpredicted the amplitudes by a factor of 2. Their simulation showed highly oscillatory flames in the combustor and peak heat releases inside the cup region for all three oxidizer post lengths.
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To the authors' knowledge, no work describing all three regimes of the CVRC has been published. The present results include not only this highly unstable regime at an ox-post length of 14.0 cm but also the moderately stable regimes at ox-post lengths of 8.9 cm and 19.1 cm in an attempt to elucidate the physical mechanisms leading to this change in behavior. As noted later, our results for the mid-post length of 14.0 cm are very similar to the 12.0 cm post-length calculations of Garby et al.
26,46
C. Computational approach
The present simulations are based on numerical solutions of the Navier-Stokes, energy, and species equations. [48] [49] [50] [51] The numerical scheme is second-order accurate in both time and space and uses an implicit formulation allowing for the use of high-aspect ratio grids near the wall. A dual-time formulation is used to eliminate approximate factorization errors. Turbulence is modeled using a hybrid RANS/LES formulation, 52, 53 where the near wall is modeled using a two-equation k-ω model. 54, 55 Hybrid RANS/LES allows for a significant reduction in the number of grid points for wall bounded flows compared to a wall resolved LES and has advantages over wall-law LES in problems like the present where separation plays a dominant role. In the hybrid model, the calculated turbulent length scale from the k-ω model is compared to the local grid size. If the local grid size is smaller, the turbulent length scale in the transport equation for k is replaced with the local grid size. This has the effect of directly capturing the large scale unsteadiness in the flow and reducing the amount of turbulent kinetic energy that is modeled.
Combustion is accounted for using a single step global reaction 56 with laminar kinetics. Global reactions allow for the coupling between pressure and heat release while also minimizing the number of species that must be retained. No turbulent combustion closure is included; nearly, all closures are based on a constant pressure which brings into question the pressure response needed. An exception is the thickened flame model, which is not primarily intended for non-premixed combustion. 57 Our preliminary assessment suggests that the thickened flame model has little influence on the present calculations. A time step of 0.1 µs is used, and simulations are run for 40 ms to provide sufficient cycles for analysis. All computations are three-dimensional and contain approximately 5 × 10 6 grid points. A study on the effect of grid size was completed for the 14.0 cm oxidizer post length using a combination of two-and three-dimensional simulations; results showed that the three-dimensional results compared well with a fine grid two-dimensional result. 44 Complete details of the simulation procedure can be found in Ref. 44 .
D. Power spectral density (PSD) characteristics
The oscillatory pressure-time history of a single experiment in which the length of the oxidizer post was decreased from 19.1 to 8.9 cm is shown in Figure 2 . A line showing the oxidizer post length as a function of time is superimposed. Although Figure 2 shows significant pressure variation at the beginning of the test, bandpass filtering the pressure signal at a frequency corresponding to the 1L mode indicates that combustion is relatively stable and peak-to-peak pressure oscillations at that frequency are about 160 kPa (about 12% of the mean). When the post length reaches 18 cm, the oscillations jump in magnitude to over 400 kPa (about 30% of the mean). Between 14 cm and 12 cm, the amplitude of the bandpass-filtered signal around the 1L mode frequency is about 400 kPa. The pressure oscillations decay slowly with further reductions in post length, and by 9 cm, the amplitude of the 1L mode oscillation is about 120 kPa (less than 10% of the mean). Henceforth, these regimes will be referred to as stable (post length greater than 18 cm), unstable (post length between about 18 and 10 cm), and moderately stable (post length less than 10 cm). Figure 2 shows the variation in the amplitude of the peak PSD of the first mode as a function of oxidizer post length for multiple experiments including repeated runs at the same conditions, short to long post-length traverses to contrast with long to short traverses, and fixed post-length tests. As can be seen, the global results were quite consistent with a peak at mid-lengths and lower oscillations at the two extremes. This behavior suggests that different mechanisms of instability are 37 The left figure shows high-pass filtered pressure data from the experiment, plotted with the oxidizer post length. The experiment starts with stable combustion and a length of 19 cm; as the oxidizer post length is reduced, the system becomes unstable. The experiment returns to marginally stable combustion as the post length approaches 9 cm. The right figure shows the experimental PSD amplitudes for the first longitudinal mode form several test cases. Forward indicates translating from 19 cm to 9 cm. Note that the PSD power is plotted on a linear scale to highlight the variability.
operative on either ends of the highly unstable region. Figure 2 indicates that the gradual transition at short lengths was relatively repeatable and independent of direction of traverse, while the location of the sharp transition at the long-post end was not as repeatable but varied depending on whether the inlet was translated forward, backward, or was held fixed. 38 Simulations are conducted at fixed post lengths and are therefore incapable of capturing hysteresis effects due to the translation direction.
To compare the stability behavior in the three regimes, the spectral content at post lengths of 8.9, 14.0, and 19.1 cm is plotted in Figure 3 for the experiment and simulations. The experimental data were sampled at 0.1 MHz and used a sample size of 160 ms, providing a maximum frequency of 50 kHz and a frequency resolution of 6.25 Hz. Computational PSDs were generated using the final 35 ms of the solution. The data were sampled at 10 MHz providing a frequency resolution of 28.5 Hz and a maximum frequency of 5 MHz. Note that two experimental results are shown for the 19.1 cm location which is near the sharp transition from stable to unstable operation. This transition is sensitive to local conditions as noted in Fig. 2(b) , and these two experimental realizations contrast extremes between stable and unstable operations at this one condition.
The amplitudes of the peaks from the experiment and the computation should not be directly compared since it is the area under the peak that determines the power associated with it. A direct comparison can be made by integrating under the PSD peaks. The integration is performed using the full-width half-max (FWHM) method, 37 and the resulting peak-to-peak pressure amplitudes and the corresponding frequencies for the first three modes are summarized in Table III for both experiments and computations.
In general, the computational-experimental comparisons at the two shorter post lengths, 8.9 and 14.0 cm, are in quite good agreement, while those for the longer post length, 19.1 cm, are less so. In both the experimental and computational results, the moderately stable case (8.9 cm post length) has a relatively low level of instability and only the first two harmonics are clearly distinguishable. Only broad spectral content (if any) is seen for the higher modes. Both the experiment and computation show defined peaks for the first two modes and broad peaks for the higher modes. The unstable post-length case (14.0 cm) reveals a much richer frequency content with multiple sharp peaks in both experiment and computation. The simulation also shows an additional peak between the first and second modes.
The amplitudes of the first three computational modes for both the moderately stable and unstable (post lengths of 8.9 and 14.0 cm) cases as given in Table III are in good agreement with the experiment, with the simulations consistently predicting marginally higher amplitudes at the 8.9 cm length case, both the experiment and simulation show strong, well defined peaks for the first mode as well as the first several harmonics. Amplitudes of the first three modes show excellent agreement between the experiment and the predictions, in this case, being marginally lower. The ratios of the frequencies of the higher-order modes to the first mode shown in Table III are in also excellent agreement with the experiment for the 8.9 cm and 14.0 cm cases; both predict near integer multiples of the frequency. The exception to this is the third mode of the 8.9 cm case for which both simulation and experiment predict non-integer multiples; the ratio is however somewhat different between the two. The simulation for the 8.9 cm case also indicates an excited mode at 2800 Hz, which sits between the first and second longitudinal modes. This was not seen experimentally and its source is not clear.
The 19.1 cm length condition is near the sharp transition from stable to unstable where less repeatable experimental results suggest borderline operation, and for this reason, we present two experimental realizations, an unstable one (Figure 3(e) ) and a stable one (Figure 3(g) ). At the first glance, the computational PSD in Figure 3 (f) appears to agree quite well with the unsteady experimental result. Both computation and experiment retain the multi-peak character observed for the mid-post length case, and the peaks and their rate of fall-off are similar. Nevertheless, as noted above, it is not the peaks but rather the integrals under the peaks that are to be compared. The broader computational peaks integrate to levels that are roughly twice those of the experiment, Table III , indicating poorer agreement different than was seen at the two shorter post lengths. One possible reason is that these differences arise because the simulations have yet to transition to stable at this post length. Additional possibilities are discussed in Sec. IV, where it is also noted that the driving mechanisms in the 14.0 cm and 19.1 cm computations are different despite their similar amplitudes.
For all post lengths and acoustic modes, the predicted frequencies are proportionally higher than the experimental values. The primary reason is that the experimental heat loss was not accounted for in the simulations. The experiments were conducted in a heat-sink chamber that extracted a significant amount of the energy from the flow resulting in a chamber temperature substantially lower than the adiabatic flame temperature with an accompanying reduction in the sound speed. With adiabatic wall conditions, the chamber temperature in the simulations is approximately equal to adiabatic flame temperature, and the corresponding chamber pressure was 1.5 MPa as compared to the experimental value of 1.3 MPa. (A similar calculated chamber pressure was reported by Garby et al. 26 ) For a chamber with a choked throat, a 15% higher chamber pressure corresponds to a 15% over-prediction of the sound speed with a similar effect on the acoustic 2015) frequencies. Previous calculations with and without heat flux 28, 58, 59 of the generically similar experiment by Pal et al., 47 in which the wall heat flux was measured, have also noted a similar reduction in chamber temperature and acoustic speed. In addition to the heat loss, a second factor that leads to increased chamber temperatures and sound speeds is the partial dissociation in the simplified thermochemistry. Note that the higher sound speed makes the chamber appear acoustically shorter than the experiment but is not expected to change the instability mechanisms.
III. IDENTIFICATION OF INSTABILITY MECHANISMS
In this section, we introduce three phenomena related to the instability behavior observed in the CVRC. First, the relative timing between the resonant pressure field and flow phenomena is clearly important in elucidating instability mechanisms. Accordingly, we start by estimating the traverse times of pressure pulses (compression wave fronts) in the combustor and oxidizer post to describe the conditions at the exit of the ox-post at the time a pressure pulse reflected from the combustor nozzle returns to the back step. The second phenomenon considered is increased mixing due to vorticity production by baroclinic torque, while the third is the transitory migration of triple flames.
A. Pulse timing
Table IV lists estimated mean values for the velocity and sound speed along with the relevant lengths of the combustor and oxidizer post. These quantities are then used with simple acoustic theory to estimate the travel times of pressure pulses to help anchor the events in the simulations. The travel times are estimated using
where L is the length, c is the sound speed, and u is the mean velocity. The downstream travel time is denoted by t → and the upstream travel time is denoted by t ← . The effect of mean flow is considered because of the high local Mach number in the oxidizer post. For consistency, this assumption, although less important, is also carried through for the combustor analysis.
As the oxidizer post length is varied, the wave transit times in the post change while those in the combustor remain constant. Examples of half-and quarter-wave resonators are shown in Figure 4 . In each case, a pressure pulse starts at the back step. For the 1 /4 resonator, the wave in the left tube makes a round trip back to the starting point while the wave in the right tube makes it only to the downstream end. In the 1 /2 wave resonator case, the waves in both tubes return to the starting point in the same amount of time. The only one ox-post length that presents a pure resonance with the chamber is the 1 /2-wave resonator, and the pressure field is dominated by the combustor acoustics. If we consider a cycle to be the time, it takes a pressure pulse to travel from the back step to the nozzle and then returns to the back step (t = 0.65 ms); the conditions at the exit of the oxidizer post at the end of the cycle will be different for each ox-post length. The long ox-post (19.1 cm case) is the closest to a resonant condition, where the pressure pulses traveling up and down the combustor and ox post will meet at the back step. The short ox-post is close to a 1 /4-wave resonator. Considering that a cycle starts and ends with high pressure at the back step and using the estimated transit times listed in Table IV , Figure 5 shows the pulse movements for a single cycle for the three cases. When a pulse traveling in the ox-post is reflected from the inlet and returns to the back step when the pressure in the combustor is low, a strong positive pressure gradient exists near the exit of the ox-post. This pressure gradient forces any fuel in the shear layer outward into the recirculation region where hot gas is present. This event has the potential to cause ignition near the back step. In the case where the pressure at the back step is not low at the time of the returning pulse, this phenomenon does not appear. For the 14.0 cm length, the return time of the reflected pulse coincides with the point in the cycle where the pressure at the back step is lowest. This is not the case for the 8.9 cm or 19.1 cm lengths. Instead, for the 8.9 cm case, the return wave coincides with the falling chamber pressure before significant fuel can accumulate. In the 19.1 cm case, the wave returns during a local rise in pressure.
B. Baroclinic torque
Increased mixing in a non-premixed flow can give rise to higher combustion heat release. One source of increased mixing is an increase in vorticity in regions of non-premixed flow. To understand the sources of vorticity, we look into the vorticity transport equation. For compressible flow with no body forces, the equation describing vorticity is
The term of interest is the baroclinic torque, which is the third term on the right hand side. This term represents the generation of vorticity due to misalignments in the gradients of density and pressure. 60 The region near the fuel injection is home to strong density gradients where the cooler and denser fuel (ρ 0 = 10.2 kg/m 3 ) is adjacent to the warmer and lighter oxidizer (ρ 1 = 4.3 kg/m 3 ). Consider the sketch of a shear layer shown in Figure 6 . As the pressure pulse moves (upstream or downstream) through the oxidizer post, the pressure gradient is aligned with the axial direction and there is a strong radial density gradient. This configuration will result in a generation of vorticity in the circumferential direction. Vorticity generation in this region can promote mixing of the oxidizer and fuel resulting in portions of the flowfield that are partially premixed. These partially premixed regions can result in combustion taking place upstream of the back step. Recent work by Ghosh and Yu suggested that baroclinic torque in shear coaxial injectors might be a link between small-amplitude acoustic disturbances and flame dynamics. 
C. Triple flame
A triple flame occurs at the intersection of a leading fuel rich premixed flame, a leading fuel lean premixed flame, and a trailing diffusion flame. 62 This point (or line in three dimensions), also referred to as a triple point, coincides with regions of intense heat release. Identification of the triple flame is possible by exploring the local mixture fraction. The mixture fraction is defined as Figure 7 shows snapshot of the triple flame structure from the present simulations. In addition to the stoichiometric mixture fraction (shown by the black line), the approximate location of the flame front (designated by the T = 2000 K isoline shown in white) is also illustrated. There are three distinct layers comprising oxidizer, fuel, and the burnt gases in the recirculation region. Garby et al. also deduced the existence of the triple flame structure using a simulation for an unstable 12 cm length. They suggest that no burning occurs upstream of the back step and the hot recirculation gases are responsible for heating the mixture of unburnt fuel and oxidizer. They note that the chemistry is not fast enough to anchor the flame at the injection point, and the flame is instead anchored at the dump plane by the hot burnt gases in the recirculation region. 26 Results in the present work find that the mechanism at play in the unstable case is more complex and dynamic. The triple flames move throughout the head-end of the combustor. They are extinguished and reform regularly and in some instances can be found upstream of the back step.
IV. CYCLE ANALYSIS
Sections IV A-IV C look at the behavior during a single cycle for each of the three stability regimes. In each case, we try to elucidate how the three phenomena discussed above-pulse timing, baroclinic torque, and the triple flame-combine to result in stable or unstable combustor response. Figure 8 shows the cycles that will be examined for each case. A cycle starts with high pressure at the head end and continues until the head end again experiences a high pressure. This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. times of the cycle are marked with vertical lines in the figure. Six points are marked on each cycle; these points have been judiciously chosen to highlight the events discussed in Sec. III as well as illustrating the overall unsteady behavior. The results for the 14.0 cm length are presented first; the remaining two lengths build on the 14.0 cm results.
A. 14.0 cm oxidizer post length
We start with the unstable case which corresponds to the 14.0 cm oxidizer post length. The corresponding time varying pressure is shown in Figure 8(b) . Although the instantaneous flowfield is three-dimensional, sufficient understanding and improved visualization can be realized from two-dimensional slices. Figure 9 shows a series of plots for the six points in the cycle marked in Figure 8 identification. The temperature line serves to demarcate the burnt and unburnt gases. Combustion along the temperature line is due to a premixed flame; this occurs in the region where fuel and oxidizer are mixed and have warmed adjacent to the burnt gases, while that along the stoichiometric line represents a diffusion flame. 26 A quick preview of the snapshots of CH 4 mass fraction and heat release shows that the flame goes through a cycle of attachment, detachment, and reattachment to the back step. In the following paragraphs, the snapshots are described in some detail to explain how the relative timing of the resonating pressure pulses in the ox-tube and the combustor combines to affect the flame dynamics and, in turn, stimulates the high-amplitude pressure oscillations at this geometric condition.
Starting at time 1, the cycle has just begun and the pressure in the head-end of the combustor is decreasing from its maximum value. The pressure contours indicate two pulses moving away from the back step in opposite directions, one moving upstream in the oxidizer post and a second moving downstream in the combustor. The CH 4 mass fraction shows a disruption in its flow near injection, the result of the local pressure pulse that has moved upstream in the oxidizer post. Consequently, there is a disruption in the combustion process as well, which is responsible for the non-steady burning associated with instability. The combustor is largely devoid of any significant concentrations of CH 4 with the exception of an annular region near the wall close to the reattachment point of the primary recirculation region. Notably, there is heat release upstream of the back step adjacent to the wall in the region where CH 4 is absent. In the combustor, significant heat release is confined to the region near the temperature line and the annular pocket of CH 4 near the reattachment point. Triple points are located away from the back step.
As the cycle progresses to time 2, the pressure near the back step continues to drop. The disruption in the combustion process continues, and there is little evidence of combustion heat release in the region near the back step. The distribution of CH 4 shows that there are significant concentrations of CH 4 downstream of the back step in the shear layer indicating the accumulation of unburnt fuel in the combustor. Also, note that there is no longer any combustion upstream of the back step, and there is a high concentration of CH 4 lining the wall. This region is no longer sufficiently mixed to support combustion. The region where the fuel is located is lower in temperature; the stoichiometric line and temperature line are further apart in regions where there is no burning. Also, note that unlike the previous time, the burning here is concentrated in the center of the combustor and not near the walls. The triple point holds roughly the same axial position as the previous time.
Time 3 sits in the trough (local expansion) of the cycle, just before the reflected pressure pulse in the oxidizer post returns to the back step. Similar to time 2, there is significant CH 4 in the combustor along the shear layer, and unburnt fuel is being recirculated and accumulated near the combustor wall. The heat release contours show that these regions of high fuel concentration are not yet burning due to poor mixing. The triple points have moved further downstream along with the significant heat release further indicating the lack of combustion near the injector.
In the oxidizer post, the reflected pressure pulse is just passing the fuel collar and moving downstream towards the back step. The pressure pulse passing through the fuel injection region generates vorticity because of a non-zero baroclinic torque. This begins to wrinkle the mixture fraction line in Figure 9 (f) and creates a partially premixed region upstream of the back step allowing combustion to take place in this region at a later time. The effect of the baroclinic torque for all three lengths will be contrasted following the cycle analysis.
When the pressure pulse passes the back step and moves into the combustor, there is a spike in pressure visible in the wave trough (Figure 8(b) ). A plot of the flowfield at this time is shown in Figure 10 . This figure shows strong pressure gradients that expand radially outward and push the CH 4 rich fluid into the hot recirculating gases immediately downstream of the back step. Although not shown, there is no heat release occurring in the region of high CH 4 concentration.
Time 4 in the cycle represents the final low pressure point. Notice there is significant wrinkling in the mixture fraction line upstream of the back step due to the baroclinic mixing generated by the pressure pulse. Moreover, the flame now reappears at the combustor head-end and is attached to the back step, indicating that local re-ignition has occurred. This is possibly allowed by the fuel being pushed into the recirculation region by the high-pressure gradient in the previous step. The recirculation region has hot combustion products, and this parcel of fuel and oxidizer ignites very close to the wall. The flame then propagates upstream toward the back step and ignites the partially premixed flow created by increased baroclinic torque due to the previously passing pressure pulse. In some cases, the flame even propagates into the premixed mixture upstream of the back step. Overall, we refer to this mode of reignition as the "post-coupled" mechanism since the returning pressure wave in the oxidizer post generates the fuel-oxidizer mixing that is responsible for the combustion.
There is a large increase in pressure as we move from time 4 to 5, almost 0.4 MPa due to the ignition of methane near the back step observed in the previous time instance. The pulse in the combustor is on its way back to the back step but has not yet arrived, and the pressure pulse in the oxidizer post largely dissipates after expanding into the combustor between times 3 and 4.
At time 5, the pressure wave in the combustor has moved upstream to the recirculation region. The associated baroclinic torque leads to increased mixing and subsequent combustion of the unburnt fuel that has accumulated in the chamber because of the earlier disruption in the combustion process. In turn, the increased combustion heat release leads to an even greater increase in the pressure between times 5 and 6.
At time 6, the high-pressure pulse from the local combustion has again begun to propagate upstream in the oxidizer post. As shown by the elevated concentrations of methane away from the wall, the fuel flow becomes detached from the wall in the region upstream of the back. The adverse pressure gradient caused by the pulse and the increased premixing during times 4 and 5 has allowed the flame to propagate upstream from the back step. The combination of this burning and the flow disruption will act to starve the combustor of fuel at the beginning of the next cycle. This sets up the flame detachment event that occurs between times 1 and 2, causing the heat release to again move downstream away from the back step, and the cycle is then poised to repeat.
B. 8.9 cm oxidizer post length
The computations and experimental results show that the 8.9 cm oxidizer post length is marginally stable, having peak-to-peak amplitudes of about 150 kPa compared to the 600 kPa amplitudes of the 14.0 cm case. A pressure trace for the cycle of interest was shown in Figure 8(a) . The lower amplitudes result in cycles that are not as regular, but the chosen cycle is representative of the overall limit cycle behavior.
A preview of the plots in Figure 11 highlights several key differences to the results presented for the 14.0 cm case. The most notable difference is that both fuel injection and heat release are more continuous. The flame remains anchored to the back step and does not propagate upstream into the premixing region. Importantly, the fuel interruption event that occurred at time 1 (or time 6) is absent. The heat release still couples with the pressure to some degree, but since there is no clear interruption in the combustion, the large reignition at time 4 that resulted from the accumulation of unburnt fuel is absent. Significantly, less premixing occurs upstream of the back step, as indicated by less wrinkling in the lines of fuel mass fraction. The pressure pulse that occurred near the ox-post exit at time 3 in the 14.0 cm case is also absent and unburnt fuel is not pushed radially outward behind the back step. Snapshots for the cycle are shown in Figure 11 . Note that for this case, the pressure amplitudes are much lower and tend to show more variability in the radial direction. There is no heat release upstream of the back step along the wall, and there is no disruption to the fuel flow from the high-pressure pulse moving through the oxidizer post. Triple points are located downstream of the back step.
At time 1, there is an initial decay in pressure, which is the result of the acoustic waves moving away from the back step towards the nozzle and oxidizer injector. Time 2 shows a second relative peak in the pressure signal near the back step, a result of continued combustion in the region. Without the fuel interruption event, the combustion continues and the pressure briefly increases. At time 2, there is some evidence of unburnt fuel in the combustor near the back step, but for the majority of the combustor, there is a diffusion flame positioned along the T = 2000 K line. In the 2015) instant shown, this flame extends upstream almost reaching the back step. In this instance, a triple point is located near the back step (top of the figure) . The pressure pulse in the oxidizer post returning to the combustor is relatively non-eventful in this case, occurring at point 3. The travel time for the wave in the short ox-post is less than half the travel time in the combustor (see Table III) , and the pulse is weakened due to destructive interference with the local expansion at the head end of the combustor. The weaker pressure gradient results in less vorticity generated from the baroclinic torque and less premixing of the fuel and oxidizer in the shear layer upstream of the back step as indicated by the relatively smooth mixture fraction line. It is possible that the decreased premixing prevents combustion from occurring upstream of the back step, which was seen to be a key event that interrupted the fuel flow in the 14.0 cm case. There is heat release close to the back step which extends downstream along the T = 2000 K line. Recall that in the 14.0 cm case, the interruption of fuel caused the flame to detach from the back step as the pressure decreased to the low point of the cycle.
Time 4 is the low pressure point of the cycle. Heat release continues near the back step with combustion again primarily taking place along the T = 2000 K line which is offset from the stoichiometric mixture fraction line. Combustion remains absent upstream of the back step as the pressure increases. At time 5, the returning high pressure pulse is visible at the downstream end of the viewing region.
The highest heat release occurs when the head end of the combustor is at the maximum pressure point in the cycle. The flame is again primarily located along the T = 2000 K line with peak heat release near the intersection of the temperature and mixture fraction lines. Without combustion and without fuel disruption upstream of the back step, the fuel can flow continuously into the combustor for the next cycle, and the reignition event is eliminated. This continuous combustion heat release is clearly well correlated with the lower amplitudes of pressure oscillation leading to relatively stable combustion response.
C. 19.1 cm oxidizer post length
The 19.1 cm length shows considerable variability in the experiments with both stable and unstable combustions being observed during different tests. The simulation for the 19.1 cm case predicts higher pressure oscillation amplitudes (see Figure 8 (c)) than those observed in the experiment. There are numerous possible reasons for this disagreement, but perhaps, the most important is the fact that the transition at the long ox-post side is quite sharp, and there is considerable variability in the length at which it occurs (as seen earlier in Figure 2 ). In particular, different experimental conditions (direction of traverse, wall material, etc.) change the transition length by approximately three centimeters. This variability makes back-to-back comparisons between computations and experiment challenging, and it is likely that simulations would predict transition at somewhat different post lengths than those observed in the experiment. With regard to transition length, the simple one-step global reaction/laminar flame model is an obvious area that requires improvement. In this regard, preliminary calculations based upon a thickened flame approximation 57 have shown little change in the predictions although other turbulent combustion models might have more impact.
A different alternative is the impact of the adiabatic wall condition. The experiment has shown that wall conditions have a decided impact on the transition location. This is most likely not because of a change in instability mechanisms but rather because of a change in the tuning characteristics of the chamber. The adiabatic wall condition increases the resonant frequency and changes the timing between the pressure field and associated flow events. The increased sound speed noted earlier changes the effective post to chamber length ratio, which would be expected to change the transition length while having little effect in the broad unstable region where conditions are only mildly dependent on post length. Preliminary calculations for a 22 cm post continue to show amplitudes like those at the 19.1 cm case suggesting transition has not yet occurred at this length. Finally, we note that in addition to its global effect on the acoustics, the near-wall extraction of heat in the experiment may have a local effect on ignition and flammability, whereas the hot walls of the simulation may promote these effects. Despite the differences between experiment and simulation, it is interesting to compare the 19.1 cm case with the 8.9 cm and 14.0 cm cases. A preview of Figure 12 shows similarities and differences compared to the other cases. Like the stable 8.9 cm case, and unlike the unstable 14.0 cm case, the heat release is generally continuous and stays attached to the back step most of the time, although at times it is weakly attached. Compared to the 14.0 cm case, there is relatively little CH 4 that recirculates to the combustor wall and upstream toward the back step; there is also less heat release occurring in those areas. Most of the time, the fuel mass fraction is relatively continuous along the shear layer, similar to the stable 8.9 cm case.
Similar to the 14.0 cm length, the beginning of the cycle at time 1 shows disrupted fuel flow and combustion upstream of the back step. The pressure pulse that moves into the oxidizer post from the combustor is responsible for pushing the incoming fuel backwards and away from the wall. The stoichiometric line moves away from the wall, allowing the flame to propagate upstream behind the displaced region of high fuel concentration. A triple point (line) is seen upstream of the back step, which was not observed for either the 8.9 cm or 14.0 cm length.
As the pressure decreases at time 2, the CH 4 reattaches to the wall upstream of the back step, and the flame and triple point move downstream. This is due to the flow disruption and depletion of
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Phys. Fluids 27, 045102 (2015) partially premixed fluid in the region. Fuel begins to accumulate at the dump plane. By the trough of the wave, time 3, there is significantly less heat release in the combustor, and the shear layer has a high concentration of CH 4 . CH 4 is also found in the recirculation region. Heat release is primarily taking place along the temperature iso-line (premixed flame). The 19.1 cm ox-post nearly acts like a half-wave resonator of the combustor, and the reflected waves in each segment nearly coincide at the back step. Thus, the reflected ox-post wave does not appear in the trough of the combustor wave as it did for the 14.0 cm case. Time 4 is just before the pressure in the combustor begins to rise. In the combustor, CH 4 concentrations are elevated. These fluid parcels with elevated CH 4 concentration can be found further downstream than what was observed in either the 8.9 cm or 14.0 cm case. The fuel in the shear layer is warmed by the adjacent flow of hot recirculating gas. This is evident by the stoichiometric line sitting outside the temperature iso-line. The warmed fuel begins to combust producing an annular ring of significant heat release. At time 5, there is a localized pressure rise located at the center of the burning annulus (Figures 12(i) and 12(j) ). Note that at this late stage in the cycle, the flame is weakly attached to the back step and there is still no burning upstream of the back step. The oxidizer post wave returns, but its return is overshadowed by a large pressure rise in the combustor from the downstream heat release. This mechanism is referred to as the "vortex convection" mechanism whereby the reignition takes place downstream unlike the "post coupled" mechanism where the returning oxidizer post wave triggered the combustion.
At the end of the cycle, there is substantial heat release along the shear layer extending back into the oxidizer post. Again, note the presence of the triple point near the fuel injection. The fuel consumed near the injector will give rise to the starvation event for the next cycle. For the 19.1 cm case, reignition after the starvation event is due to fuel in the combustor warming next to the recirculation gases downstream. For the 14.0 cm case, the reignition was due to the returning wave pushing the fuel into the recirculation gases at the back step. This suggests that the effect of wall temperature in this region may be important in accurately predicting the stability at this length.
D. Baroclinic torque
Vorticity generation in the shear layer upstream of the back step through baroclinic torque occurs when a pressure pulse passes through the region. Increased vorticity leading to increased mixing generates a partially premixed region of fuel and oxidizer upstream of the back step that is susceptible to combustion. Combustion upstream of the back step is a precursor to the fuel starvation event, which ultimately leads to the instability. Figure 13 shows the baroclinic torque in the vicinity of the back step for the three oxidizer post lengths. The snapshots are taken just after the oxidizer pressure pulse passes through the region. Notice that in the 8.9 cm case, which does not show the starvation event, there is significantly less vorticity being generated compared to the FIG. 13 . Baroclinic torque near fuel injector. Snapshot shows the time just after the pressure pulse passes by the region. The region shown extends 2 cm upstream and downstream of the back step; the full radial extent is shown.
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Phys. Fluids 27, 045102 (2015) 14.0 and 19.1 cm cases which do exhibit the starvation event. The presence of the partially premixed region upstream of the back step allows combustion to take place in this region. Recall that in the case of the 8.9 cm length, no combustion was found upstream of the back step.
E. Rayleigh index
As a final assessment of the effect of post length on instability, we compare Rayleigh indices 1 for the three different post lengths. The Rayleigh index provides a measure of the correlation between pressure and combustion heat release oscillations. To obtain local values of the index over the active combustion area, we integrate over each individual cell volume using the mathematical expression
where p ′ andq ′ are the fluctuating pressure and heat release, respectively, T is the period of integration, and t 0 is the start time. Representative results are summarized in Figure 14 . For all three post lengths, areas of non-zero Rayleigh index appear in the region downstream of the back step. Positive values (indicating regions where the pressure and heat release are in phase and amplify the instability) arise in the shear layer, while negative values (representing out of phase regions which damp the instability) appear in the recirculation region, and for the two longer post length cases, near the centerline. Surprisingly, the Rayleigh index downstream of the back step suggests the relatively stable 8.9 cm case has the strongest driving (although it also appears to have stronger regions of damping), while the highly unstable 14.0 cm length exhibits the weakest growth.
In the small region upstream of the back step, where combustion was observed for the two longer post-length cases, the 8.9 cm case shows neither positive nor negative Rayleigh indices in agreement with the previously noted absence of combustion upstream of the back step for this case. The Rayleigh index for the 14.0 and 19.1 cm cases is relatively strong in this region and extends nearer to the splitter plate in the latter case, possibly explaining the reasons for the stronger instability in these two simulations. Overall, the Rayleigh index results, which would be somewhat puzzling if the Rayleigh mechanism is considered to be the only mechanism, suggest that other driving and damping mechanisms are also at play. Nicoud and Poinsot 64 suggest, for instance, that it is the fluctuating energy equation (which accounts for entropy) not the standard acoustic energy equation that should be used for the analysis of turbulent combustion. They also state that the Rayleigh index must be compared against the acoustic losses at the boundary, and we suggest here that there are probably other driving and damping mechanisms to compare with as well.
F. Dynamic mode decomposition (DMD)
As a final comparison with experiment, we briefly present the results of a DMD. DMD is a modal decomposition technique proposed by Schmid to look at the dynamics associated with engineering problems. 65 DMD is similar to the proper orthogonal decomposition (POD) technique. Like POD, DMD calculates the eigenmodes from raw data. Unlike POD, which focuses on minimizing the error between the decomposed modes and the original dataset, DMD decomposes the dataset in terms of temporal evolution. The temporal evolution is based on two assumptions: first, evolution between snapshots follows a linear transition map and second, the signal of interest needs is periodic or quasi-periodic so that one of the snapshots can be represented as a linear combination of the others. With DMD, each eigenmode corresponds to a single frequency, while POD modes are typically associated with multiple frequencies. This capability of DMD to extract modes based on frequency allows the interaction between acoustics and combustion to be viewed as individual modes. Huang et al. performed an investigation comparing POD and DMD in the study of acoustically excited combustors; the authors found that DMD was superior to POD. 67 Motheau et al. have also used DMD analysis to identify coherent structures in their instability predictions in gas turbine combustors. 25 The coupling and interaction between multiple physical phenomena can be established in terms of the frequency content, and DMD generates a statistically stationary response at specific acoustic modes excluding unwanted frequencies and possible broadband noise from measurements. As a result, DMD results can prove to be a useful tool in experimental and simulation results' comparison. 68 Here, DMD is used to qualitatively compare the unsteady combustion responses in the experiment and simulations. In the case of the simulation data, the DMD is performed on the combustion heat release. In the experiment, a direct measure of the combustion heat release is not available. Instead, the DMD is performed on CH* chemiluminescence which has been shown to be correlated to heat release. 69 CH* chemiluminescence is the emission of light as a CH* molecule relaxes from an excited state immediately following a reaction to a lower energy state. In the experiment, the CH* chemiluminescence image is collected at 10 kHz, which provides only reasonable resolution for the 1L mode containing approximately 10 points per period. To be consistent, heat release from the simulation is down-sampled to a sample rate of 10 kHz, and the domain for analysis is limited to first 12.7 cm downstream of the dump plane which corresponds to the dimension of the quartz   FIG. 16 . DMD analysis of the combustion heat release for the simulation (top) and experiment (bottom) for the stable 8.9 cm length; note that the contour scales in Figures 15 and 16 are different.
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Phys. Fluids 27, 045102 (2015) window in the experiment. Simulation results have been post-processed to yield a line-of-sight measurement which is similar to what is captured by the camera.
70 Figure 15 shows a DMD analysis of the unsteady heat release for simulation results and experimental data for the unstable 14.0 cm post length case. The four images are taken over the course of a single cycle and contours are intended to show relative magnitudes only. The figure shows a complete cycle starting with high pressure at time 1 and decreases to a minimum pressure at time 3 and increasing again at time 4, before repeating again at time 1. Both the experiment and simulation show the coupling of the heat release and pressure near the back step with the maximum heat release occurring at the peak pressure and less heat release at the cycle trough. A similar cycle is shown for the stable 8.9 cm case in Figure 16 , where the overall amplitudes are lower. The simulation shows that there is less pronounced coupling at the back step consistent with the experimental results. The experiment does, however, show activity at the downstream end of the captured region that is not observed in the simulation.
V. SUMMARY AND CONCLUSIONS
Couplings between acoustics, hydrodynamics, and heat release were studied with a simulation of self-excited combustion dynamics in a model rocket combustor. The experiment presented three stability regimes for the simulation: highly unstable, moderately stable, and a bifurcated regime that could be close to one or the other. Based on the predicted and measured pressure fields, the regimes with the more repeatable behavior were matched well by the simulations. Comparisons were based on both instability amplitudes and spatial mode characteristics. The simulation of the bifurcated regime gave amplitudes that were approximately twice that of an unstable experimental realization, with power spectra that matched the experiment.
Results from the simulations were used to characterize and investigate the physical mechanisms and flows associated with each regime. Instability behavior was seen to depend on the complex mode structure near the combustor dump plane where reflected waves from the sonic boundaries at the combustor exit and the oxidizer tube inlet affect the unsteady distribution of fuel near the dump plane. A common feature between instabilities predicted in both the repeatable unstable regime and the bifurcated regime was an interruption in the fuel flow caused by a local high amplitude compression, resulting in a detached flame. When the fuel flow resumes, there is no steady ignition source and the unburnt fuel can premix with the warm oxidizer in the shear layer.
Two types of reignition events were observed that led to high-amplitude instabilities. The reignition was coincident either with the arrival of a downstream-running compression from the post ("post-coupled mode") or an upstream-running compression in the combustor ("vortex convection mode"). The post-coupled mode was seen when the oxidizer tube length was short, and reignition occurred before the upstream-running wave approached the dump plane. In the post-coupled mode, the compression wave forces itself into the combustor at a relatively low point in the combustor's pressure cycle causing a large radial pressure gradient. The fuel accumulated in the shear layer is pushed radially outward into the hot gas in the recirculation region, resulting in a massive reignition near the face and a large pressure spike. In the vortex convection mode at the longer tube length, the downstream-running compression wave enters the combustor when the local pressure is considerably higher and there are no large radial pressure gradients to affect the fuel. It remains in the shear layer and re-ignites further downstream coincident with the compression wave reflected from downstream.
Plots of the Rayleigh index indicating the cross-section of pressure and heat release modes were not predictive of the trends observed numerically and experimentally. It was concluded that other driving and damping mechanisms were operating along with the Rayleigh mechanism. DMD analyses carried out for the first longitudinal model frequency indicated reasonable qualitative agreement for the unsteady combustion response, especially at the unstable post length, while at the shorter stable post length, the computational predictions indicate that the combustion response extends further downstream than is evident in the measurements.
The combination of adiabatic wall treatment and a single-step combustion reaction produces high predicted values of temperature and speed of sound, resulting in frequencies and average
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Phys. Fluids 27, 045102 (2015) chamber pressures that are approximately 15% higher than measured values. It is reasonable to consider this as a possible reason why instability is predicted in the bifurcation regime, at amplitudes that are twice as high what is measured. In the simulation, there is no heat loss near the wall, near-wall gas temperatures are high, the ignition delay time is short, and the flame temperatures are high. In the experiment, however, the wall acts as a heat sink that could possibly extinguish local ignition. The vortex convection mode of instability that is predicted in the bifurcation regime may be particularly susceptible to these modeling approximations, because it depends on compressive heating of a premixed system for ignition, and these nascent ignition events may be quenched by heat loss to the wall in the experiment. Improvements in the thermal treatment of the wall (or conversely an experiment that provides near-adiabatic wall conditions), a chemical kinetics set that more accurately predicts the auto-ignition time, and improved turbulent combustion models are all suggested as topics for future research. 
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